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The gravity degradation effect has been identified as a significant physical problem in
using centrifuge techniques for determining capillary pressure curves. In 1992, the au-
thors characterized the effect by an angle; however, such an evaluation is simplistic.
Here, a new model is constructed to characterize the effect quantitatively. The results
with simulated data sets show that there exists a pronounced effect of gravitation on the
horizontal centrifugal field in low-speed experiments ( < 500 rpm on a standard Beck-
man centrifuge). Gravity affects the production history for some samples, which leads to
inaccurate interpretations of capillary pressure information near the threshold pressure.

Introduction

Capillarity is the dominant phenomenon in multiphase flow
through a porous medium. Capillarity is usually characterized
as capillary pressure vs. a phase saturation (or phase content)
relationship. Capillary pressure relationships have long been
a major topic in porous-material-related disciplines, such as
soil science and petroleum engineering. Capillary pressure
and relative permeability are two particularly important pa-
rameters required by reservoir engineers in order to calculate
the production performance of oil and gas reservoirs. Al-
though there are other techniques available for the experi-
mental determination of these properties, the centrifuge
technique provides a very useful tool.

In the centrifuge method for determining capillary pres-
sure, a core sample plug, initially saturated with one fluid, is
spun around a vertical axis. The capillary pressure at a cross
section of the sample counterbalances the pressure differ-
ence between coexisting fluids caused by the centrifuge accel-
eration field. The sample is spun at various angular speeds w
and the amount of production of one of the fluid pairs is
recorded. A relationship between capillary pressure and
phase saturation can be calculated from the data set, the an-
gular rotation speeds w, and the produced volumes of one
fluid V.

The fundamental idea, the apparatus design, and the inter-
pretation technique of centrifuge capillary pressure can be
traced back to the pioneering contribution of Hassler and
Brunner in 1945. In the last four decades, the centrifuge
technique has been widely used throughout the core-analysis
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industry. However, there are stiill many problems associated
with the fundamental assumptions on which this method is
based, despite the progress made in data interpretation tech-
niques, which are rooted in Hassler and Brunner’s one-di-
mensional simplified model. In principle, this model assumes
a one-dimensional centrifugal force field. Christiansen and
Cerise (1987) and Christiansen (1992) realized the possible
errors of the one-dimensional model and developed a two-di-
mensional model to account for the radial centrifugal field
distribution. They found systematic errors due to this effect.
Ayappa et al. (1989) also discussed models for arbitrary-
shaped core samples, and they derived the relevant governing
equations. They gave two models in particular for core plugs
shaped as cylinders and slabs. However, no one has yet con-
sidered in detail the possible effect of gravitation.

The gravitation problem stems from the traditional design
of centrifuge rotors. The most common centrifuge used for
capillary pressure and relative permeability measurement is
made by Beckman. There are several problems with this cen-
trifuge: (1) it has a horizontal rotor head, and the sample is
exposed to the effects of gravity at low speeds; (2) the sample
is located close to the center of rotation, which leads to large
changes in centrifugal acceleration along the axis of the sam-
ple, which in turn leads to difficulties in interpreting the ex-
perimental data; (3) the centrifuge does not have adequate
speed control at low speeds, which results in either no data
or very poor data for samples that have low capillary pres-
sures, especially those used for soil sample experiments; and
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(4) both manual and automatic data collection systems rely
on optical readings to determine the amount of wetting com-
ponent production. As far as points (1) and (3) are con-
cerned, gravitational acceleration is expected to play a role in
routine laboratory experiments. Gravitational acceleration
leads to a total acceleration field that is not purely centrifu-
gal. This effect is referred to as “gravity degradation,” in the
present article. It is generally postulated that gravity degra-
dation occurs in high permeability and porosity core-sample
experiments where low angular speeds are used initially. Core
plugs in the rotor are usvally spun in a horizontal plane, and
the centrifugal force is also assumed to be acting horizontally
(perpendicular to the vertical rotational axis). In reality, be-
cause of the gravitational acceleration of the earth, where the
rotating centrifugal field and the earth’s gravitational field are
at right angles, the true force acting on a fluid particle inside
a core plug will be “dragged down,” creating an inclined ac-
celeration force ficld. Ruth and Chen (1992) were the first to
discuss this problem. In order to characterize the effect, they
used an angle «

cx:tan"(wiz). )]

However this angle does not give any quantitative informa-
tion on the effect on capillary pressure curves. In the present
article, a three-dimensional model is developed that directly
describes the effect of gravity degradation.

Theory

If we assume that a centrifuge rotor is spinning around a
vertical axis O—Z at an angular speed o, any fluid particle in
a core plug, which is confined in the rotor, will also be in
rotation at the same w around the axis O-Z, as shown in
Figure 1. According to the d’Alembert principle (Li, 1990),
which states that the forces acting on any particle of a fluid
are considered to be in a state of equilibrium when the rotat-
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Figure 1. Three-dimensional centrifugal field.
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ing particle is subjected to a body force in a form not only of
earth gravity but also centrifugal accelcration, if we assume P
is the pressure of a particle of a fluid at any location, the
differential pressure is

dP = pw?x dx — pw’y dy — pg dz, (2)
for a Cartesian coordinate system, or
dP = pw?rdr — pg dz, (3)

for a horizontally radial coordinate system. Integrating Eq. 3
results in

1
P=Epw2r2—pgz+C. 4)

Defining a reference point allows us to determine C in the
previous equation. The rotating centrifugal force field with
an earth gravity effect can be visualized as a paraboloid of
revolution. Let A(ry) be an equipressure surface inside the
sample, where r, is the radial distance to the upper point
where A(r,) intersects the top surface of the sample. As the
radius r, increases, A(r,) is generated as a result of the in-
tersecting process of the paraboloid of rotation with the
core-plug cylinder, as shown in Figure 1. The intersection
starts at point [ (the first touch) and ends at point J or at
point K, depending on how serious the gravity effect be-
comes (at point J or K it can be imagined as the last touch).
For such equipressure surfaces, there must exist an integral

Fomax

A(ry) dr,, which yields the volume of the core plug,

Tomin
2 B . .
TR*(F et — Tinte) = V> Where riy., and rg,., are defined in

Figure 1. The saturation material balance equation is estab-
lished by A(r,) by means of the following equation:

1
.

™S (PA(r,) dry (5)

Tmin

where ry., and ry.., are the two limiting boundaries, which
we will detail later.

To solve Eq. 5, a particular expression for A(ry) is needed.
In order to determine this expression for the equipressure
surface, Eq. 3 must be used. An equipressure surface is de-
scribed by dP =0, or

pw?rdr = pgdz. (6)

Integrating,
1 , i
Ew (r2—r6)=g(z—z(,), (7)

where (r, 2) and (ry, z,) are any two points on the equipres-
sure surface. Equation 7 describes clearly the three-dimen-
sional force-field distribution: not only a radial centrifugal
field, but a vertical gravitational acceleration is acting as
shown in Figures 2a and 2b. Because of the vertically acting
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Figure 2. Inclined centrifuge field: radial and gravity ef-
fects.
(a) Top view; (b) lateral view.

gravitational acceleration, the centrifugal field is dragged
down, leading to the creation of an inclined angle «, which is
defined in Eq. 1. As the rotation speed  increases, the ef-
fect of g becomes negligible, that is, a = 0, and the capillary
pressure is counterbalanced by a pure, horizontal centrifugal
force. When @ =0, a - 90°, and the capillary pressure is
related only to the vertical gravitational acceleration field.
When initiating an experiment with a centrifuge, there is al-
ways a combined distribution of both horizontal centrifugal
and vertical gravitational fields, and the inclination of the
distribution is strongly dependent on the rotation speeds used
during the experiment. At low speed stages for an experi-
mental run, gravitational acceleration plays a significant role
in distorting the pressure distribution.
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Figure 3. Intersecting process of paraboloid and cylin-
der.
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Although this is obviously a three-dimensional problem, the
equipotential surface can be treated using two-dimensional
considerations by eliminating one of the three variables. We
will define (r, z) as any point inside the core sample plug,
and select (rg, z,) at the top line of the core sample plug. We
then have z,= R, as shown in Figure 1. This condition is
imposed because we assume that the initial pressure distribu-
tion in the cross section of the core sample is hydrostatic.
Accordingly, if we define C, =2 g/w?, Eq. 7 can be rewritten
as

rP=x*+y*=r;+C(z-R) (&

or

*=rj—y*+C,(z-R). (9)

It follows that x = f(y, z) for the equipotential surface that
passes through the point r=r,, z=z, Therefore we can
write

A(r0)=ffF(x, y, z) dz dy 10)

where F(x, y, 2)=+/1+ f] + f7, and f, = dx/dy, f, = dx/dz
(Thomas, 1960).

Equipotential surfaces

If r, is used (for convenience, we use x instead of ry in a
Cartesian system) as the linear distance reference from the
axis of rotation to locations on the top line of the core plug
cylinder, then when performing the integration of Eq. 5, one
has to separate the integrand for different ranges of r, in
order to account for the distribution of equipotential surfaces
inside the core plug. Here r, is equivalent to the r in Chris-
tiansen’s case (1992). The range of r, is divided into several
zones, depending on different combinations of the parame-
ters involved in the problem. Generally, when C, < 2R, there
are five zones (surface intersects edge of the inner endface at
two locations; surface intersects edge of the inner endface at
four locations; surface does not intersect endfaces; surface
intersects the edge of the outer face at four locations; and
surface intersects the edge of the outer face at two locations)
as illustrated in Figure 3 and

/.2
inlet < Iy =< Uinlet + 2RCg
2
‘/rmm +2RC§ <ry

C2
<\/R*+rk+RC, + —45

for zone 1,

for zone 2,
C?
\/R2 +rie+ RC, + Tg <ry<Towe  fOr zome 3,
Foutlet < Tp </ reuet +2RC o for zone 4
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and

[
Fowter T 2RCg <rg

CZ
< Rz""r'(%utlet-+_R(:,g-'F_4i

for zone 5.

Therefore,

Fomin = Yintet

and

Tomax = VRZ + rgutlet + ch + C§/4

for this situation. Therefore, r;,, corresponds to the first
touch of the “paraboloid” with the core plug “cylinder,” and
Toutler COITESPONds to the last touch of the “paraboloid” with
the “cylinder.” In Figure 3, when we look at the two end-
faces, we can get a better understanding of these zones. At
the inlet endface, the darker hatched upper portion is the
projection of the equipotential surface inside the core plug
for zone 1, and the tail of this portion arrives at the bottom
of the endface when this zone ends. During the first zone
intersecting process, the “paraboloid” always has two junc-
tion points in the upper portion of the endface circle. As the
intersection goes on, we start the second zone, and the pro-
jection of the equipotential surface will cover both the darker
and less dark hatched upper portions until the projection
covers the whole endface circle. The projection of all equipo-
tential surfaces in zone 3 will cover the whole inlet endface.
This zone starts when r,, arrives at the right top point of the
outlet endface, and the projection of equipotential surface
under consideration reflected in the outlet endface is the
lower, darker hatched portion; thereafter, it is followed by
zone 5, which lasts until the shape of the equipotential sur-
face in the outlet endface totally disappears.
When C, > 2R, only three zones are observed

Fintet < T S\/rﬁ,,e, +2RC, for zone 1,
vV riee T2RC, <1y <ryu,  forzone2,
and
Toutlet S 70 = V rguﬂct +2RC3 for zone 3.

- =./r2 i
Therefore, romin = Figler @04 Fonay = Y/ Touuer +2RC, for this

situation. Determination of the integral boundaries is cov-
ered in the Appendix, where the definition and the determi-
nation of the junction points, z,,;, 2,2, Z,;, 2,2, are also ex-
plained (combining with Figure 3). The integrand F(x, y, z) =
Y1+ f}+ f? contains two derivatives:

dx 1 -2y
fy=—

== (1n
9y 2 ri-y*+C(z-R)
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Figure 4. Equipotential surfaces for different cases.

(a) One-dimensional linear case; (b) two-dimensional radial
case; (c) three-dimensional gravity effect (plan); (d) three-di-
mensional gravity effect (elevation).

and

ox 1 C

fz:&z_Z

g ) (12)
r&—y2+Cg(z— R)

Figure 4 gives several pictures of the equipotential surfaces
for one-, two-, and three-dimensional cases. Because Cg
characterizes the extent of gravity degradation, it can be seen
in Figure 4 that the bottom portion of the surface tends to
incline toward the rotating axis at elevated C, values. A ver-
tical ““mask,” resembling a beekeeper’s mask, is found when
C, = 0, as shown in Figure 4b, corresponding to Christiansen’s
case, which depends on purely geometrical considerations.

Capillary pressure calculations

For capillary pressure considerations at boundaries, we can
postulate that the capillary pressure at point [ will be

1
Pc[ = Eprz(r(%max

(13)

2
- rin}et)’

and we also have to assume that the capillary pressure at the
two tangent points K, located at the edge of the outside end-

face (x=r y=i1/R2—Cg2/4, z=~-C,/2) or at the

outlet>
right bottom point J, are zero in Figure 1, or
Py=P,=0 (14)
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for most cases of C, values. When C, is exceptionally large
(C, > 2R), the zero P, boundary condition occurs at the bot-
tom point J of the outside endface of the core-plug cylinder.
The ry,,,, the maximum radius required for a zero-capillary
pressure boundary, can be found through a detailed geomet-

rical analysis. In our problem, when C, < 2R,

C2
Tomax =/ Touer + R2 + RC, + —£
Omax outlet g 4 ’

and when C, > 2R, ry,,,, =

Capillary pressure at any point inside the core sample plug
can be calculated using the following equation:

P2 +2RC, .

outlet

1
P.(r, z)=5pr2(r§max—rz—Cg(R—z)). (15)

For the purpose of performing the integration in Eq. 5, the
capillary pressure at any point on the top line of the core
cylinder is

1
P(ry)= Eprz(rgmax —rd). (16)

The standard value of gravity acceleration is 9.80665 m/s2.
For the low angular rotation speeds of 100, 200, and 300
(rpm), the values of the factor C, (in cm) are 17.885, 4.471,
1.987, respectively. For these speeds, earth’s gravitational ac-
celeration plays an important role. As the rotation speed in-
creases, the value of Cg becomes smaller and the correction
term for gravity degradation becomes negligible. In this situa-
tion, the analysis reduces to Christiansen’s case (Christian-
sen, 1992), a geometric consideration of rotating fields in
which equipressure surfaces can be visualized as quadric sur-
faces being formed by the intersection of two cylinders. Fur-
ther, if no core-plug geometry is considered, the situation will
be again reduced, either to the fundamental case or to Has-
sler and Brunner’s one-dimensional equation. These cases are
given later in examples. Therefore, the present model repre-
sents a complete picture of the true force field distribution
acting during centrifugation.

Gravity Effect

In this section, we address how gravitational acceleration
affects the centrifuge experimental data.

Capillary pressure models

Equation 5 is a Volterra integral equation of the first kind,
and is known to be strongly numerically unstable. It is very
difficult, if not impossible, to find its explicit analytical solu-
tion because of its three-dimensional complexity. However,
we can use implicit methods or parameter estimation tech-
niques, assuming some explicit capillary pressure functional
models, to quantify the error introduced in conventional one-
or two-dimensional analyses (neglecting gravity effects).
Auvailable capillary pressure models include Bentsen’s log and
power models (Bentsen and Anli, 1977; Golaz and Bentsen,
1980), Corey’s model (Corey, 1954), as well as Thomeer’s
model (Thomeer, 1960). These models can be used to test the
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effect of gravitational degradation on capillary pressure
curves.

We chose one of Bentsen’s capillary pressure models to
show the significance of the problem. The choice is for illus-
trative purposes only. Other models show similar trends.
Bentsen’s log model is expressed as

1, when P, < P,;

c

S, =
S, (=S8, )exp|—

t), when P. > P,
an

where P, is the threshold pressure, S, the irreducible con-
nate water saturation, and o the pressure span factor.

Synthesized data set

In order to examine and quantify the effect of gravitational
acceleration on the centrifuge experimental data, synthesized
data sets have been constructed. Concerning the capillary
pressure just discussed vs. the saturation model, we assume
that the threshold pressure is zero and that the pressure span,
o, take the value of 0.05, 0.10, 0.125, 0.25, and 0.50 psi. These
values are representative of high permeability (k > 1 darcies)
and porosity (¢ > 25%) sandstone sample experiments, in-
cluding unconsolidated tar sand core samples. The density
difference values are assumed to be 0.15, 0.85, and 1.01 g/cm?,
representing three experiments: oil-brine, oil-air, and
air-brine. As used in Christiansen’s paper (1992), the irre-
ducible connate water saturation S, is selected as 0.2. The
rotational speed (in rpm) data set includes 50, 100, 150, 200,
300, 400, 500, 600, 800, and 1,000 (for high permeability and
porosity samples, the rpm schedule should include speeds
from 150 to 500 rpm). The rotor and core plug system are
assumed to be characterized by 7. =6.06 cm, 74,4 = 8.6
cm, and R =1.27 cm. These figures correspond to a 1.0-in.-
long and 1.0-in.-dia. core sample, mounted in a rotor with an
outer rotation distance of 8.6 cm. These numbers are typical
for a Beckman centrifuge.

For capillary pressure calculations, we have three cases
available: Hassler-Brunner’s one-dimensional case, Chris-
tiansen’s two-dimensional case, and the new three-dimen-
sional case. The capillary pressure equations are as follows:

P.(x) =0.7953473 10" A p(rpm)*(r2, 4o, — x2) (18a)

for the Hassler-Brunner equation;

P.(x, y) = 0.7953473 %107 A p(rpm)’(r2, 1o, + R — x% = y?)
(18b)

for the Christiansen equation; and

P.(x, y, z) = 0.7953473 % 10~ A p(rpm)*
X (7fmax = ¥ = y> = C,(R—2)) (18¢)

for the new model, where rg,,, is defined in the previous
section.
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Results and Discussion

Figure 5 shows capillary pressure curves for Bentsen’s log
model using the model parameters given previously. We are
concerned with high permeability and porosity samples pri-
marily with air-brine systems, for which we believe the grav-
ity degradation effect plays an active role, and the capillary
pressure curves, which exhibit the feature of very low values
of o.

Capillary pressure

Figure 6 shows the results for capillary pressures at a spec-
ified location (denoted by P, Eq. 18c), which is a traditional
part of the data set. For the Hassler-Brunner one-dimen-
sional analysis, the capillary pressure at the whole inlet end-
face is assumed to have the same value, that is, P, is uni-
form everywhere on the inlet endface. Christiansen (1992) in-
troduced a P, that occurs at the vertical center line (from
the top to the bottom) of the inlet endface. For the three-di-
mensional consideration, the P,, is located at the top point
of the inlet endface (point [ in Figure 2). Therefore, we have

“chosen the P.; from Eq. 18c as the reference value that makes
the most sense for the practical situations in Figure 6. Figure
6 shows the changes of saturation for the P.,’s for various
density differences. The three-dimensional values are always
located above the one- and two-dimensional values, while
Hassler-Brunner’s one-dimensional values are always less than
the others. When the rotation speed exceeds 500 rpm, the
three-dimensional values converge on Christiansen’s two-di-
mensional values, because above this speed the effect of Cg
vanishes and the three-dimensional model is identical to
Christiansen’s theory. Christiansen’s model does not inciude
the gravity effect, and from the curves it can be seen that his
lines are basically equivalent to Hassler-Brunner’s solutions
at low speed. Neither Ayappa et al. (1989) nor Christiansen
(1992) studied data interpretation for the low speed zone in
their studies.

Production behavior

Equation 5 was used to test the significance of the gravita-
tional acceleration. The Gauss-Legendre algorithm (Maron,
1982) was used to numerically evaluate the triple integral.
Grid refining tests were carried out using from 10 to 76 points
in the Gauss-Legendre algorithm, and sufficient precision was
obtained (Stroud and Secrest, 1966). All computations were
run using double precision on a SunFortran system.

Figures 7 to 11 give the results for simulated data sets. The
rpm is plotted vs. the produced fluid or the mean saturation
in the core sample. Five ¢ values are shown to illustrate the
significance of the effect under study. All the figures show
the same trend at low speed—that gravitational acceleration
has a pronounced effect on production behavior. A single
capillary pressure vs. saturation relationship can be used to
generate different production responses, depending on the
model (one-dimensional, two-dimensional, or three-dimen-
sional) assumed. The curves including the gravity effect
(three-dimensional) represent the true production response.
The trend implies that vertical gravitation reduces the whole
centrifugal force field, leading to a variation in saturation.
This is reflected particularly in the threshold zone where the

474 March 1995

1.6 T T T

Bentsen’s Log Model

1.2 -

1.0 |-

0.6 -

Capillary Pressure (psi)
o
o
T

0.2

0.0

0 20 40 60 80 100

Saturation (per cent)

Figure 5. Capillary pressure curves for Betsen log
model.

gravity-included curves are lower than Christiansen’s curves.
In the data analysis process, a lower mean saturation value at
the same capillary pressure results in lower saturation. The
true capillary pressure curves for a real centrifugal force dis-
tribution should move toward a lower saturation than Chris-
tiansen’s capillary pressure curve in the threshold zone, and,
of course, lower than Hassler-Brunner’s curve. From Figures
7 1o 11 it is found that the two data sets diverge below a
speed of approximately 500 rpm, and that the discrepancies
can be as great as 10 percentage points of saturation when
the speed is 100 rpm.
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Figure 6. Reference capillary pressure Pc1.
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Figure 7. Production histories generated with two theo-
ries.

The largest effect occurs in samples with the lowest o and
the greatest density difference. In this study, the synthesized
data for the extreme case are given in Figure 7. When o is
0.5 psi (Figure 11), the effect is diminished. Previous authors
have attributed disagreement between centrifuge and porous
plate data to the neglect of radial effects (Christiansen, 1992;
Forbes et al., 1994). We now might argue that this disagree-
ment is caused in part by the fact that in a centrifuge experi-
ment the gravity effect has not been properly accounted for.
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Figure 8. Production histories generated with two theo-
ries.
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Figure 9. Production histories generated with two theo-
ries.

Data interpretations

We have identified a significant effect on experimental
centrifuge capillary pressure data introduced by gravitational
acceleration for high permeability and porosity samples
(especially for unconsolidated tar sands, as well as soil sam-
ples), which exhibit a capillary pressure characteristic of very
low pressure span o valnes. For low permeability samples,
such an effect contributes little to data quality, because of
the high rpm required. However, the effect does have an in-
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Figure 10. Production histories generated with two the-
ories.
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Figure 11. Production histories generated with two the-
ories.

fluence for the applications mentioned, and leads to inaccu-
rate capillary pressure information. The possible remedial
measures may include: (1) initializing an experiment at a rel-
atively high speed, say over 500 rpm, while concurrently los-
ing detailed information in the high saturation zone (infor-
mation near the threshold pressure); (2) omitting low-speed
data points; (3) interpreting such data sets using the model
developed in this article, which may complicate numerical
calculations; and (4) developing a rotor with a new configura-
tion that minimizes this effect (the main idea is to adopt a
pivoted or tilted rotor head, which more closely aligns the
gravitational and centrifugal fields, thereby reducing this ef-
fect). Because of the gravity degradation effect, centrifuge ex-
periments for other purposes, such as relative permeability
measurements (O’Meara et al., 1985) and oil recovery flood-
ing processes (Nikakhtar et al., 1993), should also be carefully
treated in order to obtain accurate information. A study is
being carried out at the University of Manitoba to investigate
the final remedial measure (Chen and Ruth, 1994). Also new
data interpretation techniques are being explored (the third
remedial measure) to improve the quality of capillary pres-
sure curves.

Conclusions

A new three-dimensional centrifuge theory for capillary
pressure data was constructed to consider all of the acting
forces, especially gravitational acceleration. This latter force
becomes pronounced for low speed experiments (w <500
rpm). Numerical quantification shows that for speeds below
500 rpm, gravity alters the centrifugal field. If this alteration
is not accounted for, the result will be inaccurate capillary
pressure information at high saturation, near the threshold
pressure.
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Notation

A(r,y) =equipotential surface area, cm’
C =constant defined in Eq. 4
C, = characteristic factor, C, =(2g/w?), cm
g = gravity acceleration, g/cm
H =height of slab-shaped core samples
1 =point defined in Figure 1
J =point defined in Figure 1
K =point defined in Figure 1
P =potential
P =capillary pressure
P., =maximum capillary pressure at the reference point r;,,
P,; = capillary pressure at the point /
P.; =capillary pressure at the point J
P, =capillary pressure at the point K
P, =threshold capillary pressure in Bentsen’s model, Eq. 17
r =rotation radius, cm
rq =reference rotation radius, cm
Tinler = inner endface radius of rotation, cm
Toutier = DOttom endface radius of rotation, cm
Tomax = Maximum reference rotation radius, cm
Tomin = Minimum reference rotation radius, cm
R =radius of core cylinder plug, cm
S, =wetting-phase saturation
S,,, =irreducible connate wetting-phase saturation

S,, =mean wetting-phase saturation
V =volume of core-sample plug, cm?
V =produced volume, cm?

x =variable
y =variable
z =variable
z, =variable corresponding to r,

Greek letters

a =characteristic angle defined in Eq. 1

6 =variable defined in the two-dimensional case in the Appendix
A p =density difference of fluid pairs

o =pressure span in Bentsen’s model, Eq. 17, psi

 =angular rotation speed, rpm X (2/60)
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Appendix
Two-dimensional models

As shown in Figure 2a, if the core-sample plus is viewed
from the top, we have an equation to describe a cross section
of the core-plug cylinder to the X direction:

y? +z%=R? (AD)
or
z=4+yR*—y?. (A2)

Considering one-fourth of the cylinder, the area of the equi-
pressure surface A(r) will be

Ar)=4["2rdo=4 92\/R2 —y*rde
6,

6,

=4["VR* =7 sin® 6rdo
6y

(A3)

where y=r sin 8. The definition of 6 can be found in the
original publication (Christiansen, 1992).

In order to define integration limits for the preceding ex-
pression, we have to divide the internal cross-sectional area
of the core plug into three zones: ryy, <7 <y/rd, + R?, 6,
=0, and 0, =cos ™! (rype,/r) for zone 1; ripe <7 < roypen 64
=0, and 0, =sin"'(R/r) for zone 2; and r o <7
SVYR?+ 1260 01 = c08™ (rguye/r) and 6, = sin ™ '(R/r) for
zone 3.

For a slab-shaped core sample of height H along the axis
of rotation, of width 2R, in the direction of rotation, and
with ends at distances rye, and 7y, from the axis of rota-
tion, it is not difficult to show that ry... = Fico Tomax
=y/riue + R?, and the equipressure surface areas are given
by

A(r)=2Hr[6,(r)— 6,(r)] (A4)

AIChE Journal

where 6,(r) and 6,(r) are defined in the same way as in
Christiansen’s cylinder core samples, which cover three inte-
gration zones.

The boundary conditions of capillary pressure generally
should be replaced by

P.=0 at  Fgmax (A3)
and at r_,;, by
Pcl=§pr2(rgmax_rgmin)' (A6)
Then the capillary pressure at r will be
1
Pc=5pr2(r§max -r?). (A7)

For a cylindrical sample, P, = 0 is imposed at the two points
on the r,.. face that lie in a common rotation plane

at a distance ‘/rgmm + R? from the axis of rotation. Pressure
P, occurs at the center vertical line of the ry,., face of the
sample.

In the case of the slab sample, P, =0 on the two vertical
edges of the r ., face. Pressure P, also occurs along a ver-
tical line on the center of the r,,,, face. This line is parallel

inlet
to the axis of rotation.

Three-dimensional model

Using the concept of equipotential surfaces, the material
balance equation (volume balance) (Eq. 4) can be written as

= 1 Tomax

S =

w S, Alry) dx (AB)

Tomin

where 7qn, and rg.,, are the minimum and maximum dis-
tances that characterize the intersecting process of the two
solids of revolution, shown in Figure 3.

The integral boundary for the problem is difficuit to de-
fine, because it depends on different combinations of the pa-
rameters involved (C,, R, 7iye;, and ro,qe,)- Generally, three
cases must be considered: Cg <R, R< Cg < 2R, and Cg <
2R.

When CgsR, five different integration zones are ob-
served, corresponding to five fluid volumes (S, =3V, ,/V,
i=1,2,3, 4,5, and S, is the total mean saturation of the
core sample).

For zone 1

P2 1ot C
Vi P 28Ce o 4,(x) ax

Tinlet

v, = (A9)

w

or

V= [ VR 3R [
wl
Tinlet - VRZ“Z,an R+(y2_x2+ri2nle()/cg

xS, F(x,y, z)dzdydx (A10)
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where

—Cy+/C2+4(R? + 12y + RC, — x7)
Zim1 2

is the upper junction point of the paraboloid and the cylinder
at the inlet endface r, and F(x, y, z) is defined in Eq. 9.

iniet®

For zone 2

RC C 4
v VR~ riia t REH G/ 6 4 (x) dix.

w2 f
Ve +2RCy

However, this equation has to be subdivided into several in-
tegrals

(A11)

‘/R2 +rdie+ RC,

f‘/riznm +2RC,

v,

w2 T

f‘/RZ— z,z,,zj"/sz

xS, f(x,y, z)dzdy dx

R2~y

w2 \/}?2+rélcl+RCgf‘/R - 22, f

\/’sznlct*'2ch R~ 2z}, R+(y?—x —rmm)/C

X8, f(x,y,2z)dzdydx

YR+ rhia+ RC,+CE/4

‘/"/R2 ~zk, /‘\/R2 - y?
0 —yRZ-y?

R%+ RC, + riy,

XS, f(x,y,2) dzdydx

\/R2 +rlie+ RC,+C2/4 f‘/Rz ~ 22,

R*+ RC, + rhie, YR - 22,
4
X8, f(x,y,z)dzdydx

‘/R2+ri2n,c,+RC +C2/4 j» [‘/Rz—yz
R+ RCy + rle VR -2, Jo

XS, f(x,y,z)dzdydx (Al2)

[

B mie\

where z,,, and z,,, are the upper and lower junction points

at Tinlet>

-C,+ \/Cg +4(R* + e + RC, — x7)

V4 =

ml 2
and
—C,—y/C2+4(R? + r2, + RC, — x?)
Zp2 = ) .

For zone 3. It is quite simple to conduct the integration

outlet
V= f S, A;(x)dx  (Al3)

R+ 1l + RCy+C2/4
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or

[ =

/‘ outlet
2 2 2
Re+ripq+ RC,+Cp/4

X8, f(x,y,z)dzdydx. (Al4)
For zone 4. Here we have
Vrute +2RC,
V= [V T g A0 dx (A15)

T outlet

or

_2[\/ e+ 2RC, /‘VR -z fRJr(y = x? = rl e VG,
YR - y?

XS, f(x,y, z)dzdydx

iy

Toutlet

outlet Rz - y
XS, flx,y,z)dzdydx. (A16)
For zone 5. The integral is complicated
VR? + ruue + RC +C2/4
|4 S, As(x) dx. (A17)

wS§ =f
\/ rgullc( + ZRCg

This integral has to be subdivided to obtain

=2 m[VRZ*ZM /R+(Y'_X +"outlu)/C
V7B + 2RC, VRE =22, J-yRT )2

XS, f(x,y,z)dzdydx

fm ‘/(;"R27y2

XS, f(x,y,z)dzdydx

+4/ V R* + rgu!lcl - ch
v ’gu(let + ZRCg

+2 ‘/R2+r§u,m+RC +CE/4
- RC, +r?

f RZ— z
VRZ - fz

e s f(x,y, 2) dzdydr. (AIS)

r

outlet — inlet

fR+(y - x?
VR ~y

where z,, and z,, are the upper and lower junction points at

Toutlets

outlet

= Cy+1/C2 +4(R> + 12,40 + RC, — x?)
= ’
2

and
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~C,—y/C2+4(R* +

Fautter + RC, —x )
5 .

Zn2

When C, =0, zone 1 and zone 4 disappear. The equations
will be reduced to

_2f\/R + 2 et /‘/Rz-z 2, /"/

Tinlet

Rz—y

XS, f(x,y,z)dzdydx (A19)

VW3=[rR2+r / f RZ*y

inlet

XS, f(x,y, z) dzdydx (A20)

fR f\/m
yR* -z} 70

XS, f(x,y, z) dzdydx (A21)

where 2z, =z,, = +yR* —rl,—x%, and z, =z, =
£V R*+ rl e — x?. Therefore, C, = 0 recovers Chris-

tiansen’s two-dimensional case, which considers only the cen-
trifugal force distribution inside the core sample due to non-
radial considerations.

When R <C, < 2R, the various integrals must be broken
up before they are performed.
For zone 1,

/VR + rouklcl

outlet

_zf\/ mlct+RC + R? /“/Rz—z 2, fW/RZ*YZ

R +(}’ i+ rmlct)/c

Tintet

X8, f(x,y,2)dzdydx

f‘/;;T’ /m

R+(y? X2+’i2nm)/cg

+2 W/r?,,,ﬂ +2RC,
\/r?nm +RC, + R?

XS, f(x,y, z) dzdy dx

R VR -7
f‘/Rz ./ ‘/Rz_y

XS, f(x,y, z) dzdydx.

\/rﬁ,,m +2RC,

i+ RC, + R?

(A22)

For zone 2

y ‘/R2+ri2,,,ﬂ+RCg+C§/4

VRI=z2L, (/R?-)?
Y e T e
riznm+2RCg

Rz—y
X8, f(x,y,2z) dzdydx

+2[‘/R2+ri2"m+RCgC:/4f Rz—z‘
,/r?,,,e, +2RC, VR~ 22,
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VR

S, flx,y, z)dzdydx
R+(yz~x2+ri2“m)cg

VR + e+ RC + C2/4

f‘/riznm +2RC,

+2

f \/RZ )2

XS, f(x,y, z) dzdy dx.

f‘/Rz
(A23)

For zone 4

_zf\/ DHIICI+RC +R? f R* -z} /R+(}’ -x° +ruul|u)/c

Toutlet

x S, f(x, y, z) dzdy dx

+2fv oullcl+RC +R? f

2 _
Toutlet R

Rz—y
X8, f(x,y, z) dzdydx

+ 2 \/ rgul]et + 2ch
,/rgu,,et +RC,+ R?

f‘/Rz—zn] '[R +(7 = X2+ r2,.0/C,
‘/;z 2

XS, f(x,y,z)dzdydx. (A24)
For zone 5
Vw5=2fﬁ2+r‘2’""“+ RC,+C2/4 fm
xf'”(y TX s ey 2) dzdydy. (A2S)

YR~ y?

When C, > R, a different set of integrals must be specified
for this case.
For zone 1

_me/\/,;,—,—f

R+(y* - xZ + ’mlct)/c

Tinlet

X S, f(x,y, z) dzdy dx

[V e

R+(y?~-x?+ rm,e,)/C

2 "/riznm +2RC,
Ve + RC + R?

X8, f(x,y, z) dzdy dx

\/ri%nlcz"'ZRCg /’VRZ‘ y

2
+RC,+ R

f‘/Rz

2
Finlet

XS, f(x,y,z)dzdydx. (A26)
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For zone 2

outlet R ‘/E-Z:T
8.f(x,y, 2) dzdy dx.
wz ‘/mf.R/_\[RTZ"—yZ wf(x y Z) z dy

(A27)

For zone 3

V __2 \/rxg\xllet+ch+R2 f "znl fR+(Y - X +rou\lel)/c
w3 T

Toutlet ‘/Rz—y

X 8, f(x, y,z) dzdydx

f \/Rz—-y

X8, f(x,y,2z)dzdydx

+2/v outl:l+RC +R2[

2
Toutlet R~

rg\nlcl +2RC
+2f”

/VRZ_an fR+(V —-x +roullu)/c
V rasier ¥ RC, + R?

XS, f(x,y,z) dzdydx. (AZ8)

As a test, if we assume that the integrands in the preceding
equations are unity, the results obtained should be equal to
the volume of the core sample cylinder regardless of the C,
value. For a typical case, we take R=1.27 cm, ry,., = 6.06
cm, and rgy., = 8.6 cm (l-in.-long core sample plug). Then
the volume of the sample plug should be TR, . — Finer)
=12.87037 cm®. We calculated the volume of the core plug
for a wide range of C,, and the volume values for all cases
are almost the same as the true value mR?(ryye; = Finter)- The
relative percentage errors are all within 0.01, and the relative
ratios of the calculated and actual volumes are between 0.998
and 1.005.
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